Introduction
Molecular machines typically have units with nanoscale dimensions and possess structures that allow them to perform useful functions.
1 When functioning as molecular motors, molecular machines consume energy and convert it to work. Our interest in this chapter is on molecular motors that use chemical energy to produce directed motion. A diverse array of molecular motors are found in biological systems and are essential for biological functions, such as active transport of organelles, vesicles and other materials in the cell, cell division, muscle contraction, etc. Chemical energy, obtained from the conversion of adenosine triphosphate to adenosine diphosphate, is used often to induce the conformational changes that underlie the mechanisms by which these motors operate.
2,3 Such small machines carry out their functions in condensed phase environments in the presence of strong molecular fluctuations and are designed to operate effectively in spite of strong perturbations. They function in the regime of small Reynolds numbers where inertia is unimportant. 4 In addition to naturally-occurring biological molecular machines and motors, synthetic motors with different geometries, using various materials, have been constructed. 5 These synthetic motors use chemical, light or other energy sources. Some motors depend on asymmetric molecular motions for propulsion while others have no moving parts. Some of the simplest synthetic motors, such as metallic nanorods, [6] [7] [8] [9] do not depend on conformational changes for their operation. In addition, sphere dimer 10 and Janus particle 11 Silica-Pt motors have been constructed and studied. Colloidal Janus particles have been investigated theoretically and experimentally. [12] [13] [14] [15] The motions of self-propelled sphere dimer motors have been simulated using mesoscopic models for their dynamics.
10,16-18
The basic mechanisms underlying particle motion arising from chemical gradients have been known for some time; 19, 20 however, recent developments, especially experimental work on the design of synthetic molecular, nano and micron-scale motors, the ability to probe their dynamics in considerable detail, their significant potential applications, and the theoretical challenges posed by the full description of their dynamics, have made this an important topic of current research. In this chapter, we confine our attention to chemically self-propelled motors without moving parts; i.e., they derive their directed motion from asymmetry in chemical activity rather than through asymmetrical conformational changes.
a After briefly describing the basis of classic diffusiophoretic mechanisms for self-propulsion, we turn our attention to microscopic and mesoscopic descriptions of the dynamics of such motors. Many of the phenomena are illustrated by considering a simple motor geometry, -a sphere dimer motor, which consists of linked catalytic and non-catalytic spheres.
Propulsion by Phoretic Mechanisms
It is well known that colloidal particles can move in the presence of concentration or temperature gradients giving rise to diffusiophoresis or thermophoresis. There is large literature on this topic dating to work by Derjaguin et al., 19 and comprehensive reviews on the topic exist. 20 Many principles that underlie the phenomenon of diffusiophoresis can be used to understand the propulsion of particles by self-generated concentration gradients, so, we briefly comment on the origins of this effect and the assumptions that underlie its description.
Diffusiophoresis arises from the coupling between interfacial forces and the fluid fields in the vicinity of the particle surface. The derivations of this phenomenon rely on a macroscopic continuum description of the solvent. 20, 22 One of the simplest cases to consider is a large, hard, colloidal particle with radius a in a fluid composed of solvent and a dilute solute with an inhomogeneous concentration field c(r). The surrounding fluid is considered to be a viscous continuum. The solute molecules interact with the surface of the particle through a short-range potential-of-mean-force W , with characteristic range L, obtained by coarse graining over all solvent molecules. The length L = R 0 − a can be used to define an interfacial zone around the particle whose outer radius is R 0 (see Fig. 1 ). If the colloidal particle is very large, the surface will appear to be flat locally and a local coordinate frame can be introduced with origin on the surface of the particle. The vector y = yn is along the normaln and y takes the value zero on the particle surface, while s is the vector orthogonal ton. In addition to variations in the concentration field in the normal direction, we suppose the solute concentration field also varies along the orthogonal s-direction. The concentration field in the interfacial zone can be written as the product of the concentration field at the outer boundary of the interfacial zone times a Boltzmann factor that accounts for the nonzero interactions between the solute particles and the colloidal particle within the interfacial zone: c(s, y) = c(s) exp(−βW (y)), with β −1 = k B T . The potential W gives rise to a body force −c(s, y)dW (y)/dy acting on the particle and this leads to an inhomogeneous pressure field in the interfacial zone to compensate for this force. The pressure can be determined from
Because of the dependence of the pressure on s, there is a pressure gradient along this direction in the interfacial zone, which is balanced by the viscous stress:
where η is the shear viscosity, v s = (1 −nn) · v is the tangential component of the fluid velocity and ∇ s = (1 −nn) · ∇. Solution of this equation, subject to the no-slip boundary condition at the surface, v s (y = 0) = 0, and the boundary condition of no pressure gradient far from the surface, lim y→∞ (∂v s /∂y) = 0, yields the velocity field,
While the velocity field is taken to be zero at the surface of the particle, its value at the outer edge of the interfacial zone where W vanishes gives an apparent slip velocity
where the Derjaguin length λ D has been introduced in the last identity. The slip velocity can be used to determine, V, the particle velocity. 15, 22, 23 The flow field in the region outside the interfacial zone is given by the solution of the force-free incompressible Stokes' equation,
subject to the boundary conditions, v| R0 = V + v (s) and lim r→∞ v(r) = 0. The pressure tensor is given by Π = −p1+η (∇v) S , where the superscript S refers to the symmetrized product. The velocity and pressure tensor fields may be written as the sums of new fields, v = v + v and Π = Π + Π , where v satisfies the boundary condition v | R0 = v (s) and v satisfies v | R0 = V.
Next, we make use of two results from the rheology of colloids. 15, 24 (1) The fields defined above satisfy the reciprocal relation,
where the surface integrals are defined by So dSf (r) = drδ(r − R 0 )f (r).
(2) The pressure tensor on the surface of a sphere translating with velocity V in an unbounded fluid at rest is given byn · Π | R0 = −6πηR 0 V/4πR 2 0 . Given the boundary conditions on the velocity fields, the reciprocal relation, in conjunction with the expression for the pressure tensor on the surface, yields
where the angle brackets signify a surface average, v
and using this result in Eq. (7), we find
. Substituting this result into the expression for the slip velocity given in Eq. (4), we find
which expresses the particle velocity in terms of the viscosity of the solution, the Derjaguin length and the gradient of the concentration field along the surface. These ideas also apply to the situation where the concentration gradient is generated by the particle itself through chemical reactions at its surface. 13, 15, 25 We then have chemically-powered self-propulsion through a diffusiophoretic mechanism. Consider the case of a Janus particle, where one hemisphere is catalytically active and the other hemisphere is chemically inactive. The catalytic hemisphere consumes or produces solute particles. The inhomogeneous concentration field can be found from the solution of the diffusion equation subject to suitable boundary conditions. We suppose that the Peclet number, P e = V a/D 1, where D is the solute diffusion coefficient. In this circumstance, we can neglect the convective transport of solute particles. In the region outside the interfacial zone, the concentration 
We can compute (ẑ · ∇ s c 0 (s)) S = −α r /4D, and this, in turn, yields the z-component of the particle velocity in the reaction-controlled limit,
Microscopic and Mesoscopic Dynamics of Nanomotors
A full analysis of the dynamics of chemically-powered nanomotors requires a molecular-level description of the motor and its environment. Molecular dynamics (MD), based on the solutions of Newton's equations of motion for the entire system, can account for all conservation laws that underlie macroscopic descriptions relying on Navier-Stokes and reaction-diffusion equations. While full molecular dynamics simulations of motors are feasible, the lengths of the relevant space and times scales prohibit such a direct approach for all but the smallest systems. Consequently, it is fruitful to consider coarse-grain mesoscopic methods that allow one to extend the range of accessible space and time scales. At a basic level, a molecular motor is built from atoms linked by chemical bonds. Except for the smallest molecular motors where such a description is required, for many nanoscale motors we can coarse grain over collections of atoms that constitute functional groups in the motor. Following this strategy, the molecular motors considered here are taken to be built from constituent molecular or atomic groups, termed beads, linked by bonds. Specifically, we consider motors made from N m molecular groups or beads with coordinates r and the right figure shows a polymer motor where the head is catalytically active and polymer tail is inactive. b ), which we assume to be pairwise additive. The total potential energy can be written as the sum of the potential energy of the motor, V m , the environment, V e , and the interaction energy between the motor and the environment, V me : V = V m + V e + V me . The interactions between the motor beads and the chemical species in the environment are also responsible for chemical reactions. Since momentum is conserved, the total force acting on the system is zero. The motion of the motor is governed by the forces that act on it. The force acting on its center of mass,
where M i is the mass of motor bead i and M m is the total mass of the motor, is given by
The last equality follows from the fact that there is no contribution to the force on the motor center of mass from V m . Since the total force on b1449-ch05 Engineering of Chemical Complexity FA the system is zero, the motor exerts an equal and opposite force on the molecules in the environment, which results in fluid flow. When the entire system is in equilibrium at temperature T , the canonical distribution function is
, where Z is the canonical partition function. In equilibrium, the average force on the motor is zero, since
However, chemically-powered motors operate in the nonequilibrium regime and we shall be interested in systems that are maintained in farfrom-equilibrium steady states by flows of reagents into and out of the system. For an equilibrium system containing many Brownian particles in a solvent, generalized Langevin equations can be derived for the momenta of the Brownian particles.
28 A calculation in a similar spirit can be carried out for the beads of a motor in a nonequilibrium steady state. 29 The resulting equation for the time evolution of the center of mass velocity of the motor is,
where K * (t) is a random force and ζ r Nm m (t) is a generalized friction tensor which depends on the bead coordinates. The angle brackets · denote a nonequilibrium steady state average. The microscopic expression for the friction tensor involves the autocorrelation, in the nonequilibrium steady state ensemble, of the deviation of the force on the motor from its nonequilibrium average value. This equation may then be averaged over fluctuations and used to compute, V, the average velocity of the motor. If inertial terms are neglected in the low Reynolds regime of interest here, the velocity of the center of mass of the motor is given by V = F m · ζ −1 . In addition to a coarse-grain model of the motor, the environment may also be modeled at a mesoscopic level of description. The simulation results reported below were obtained using multiparticle collision (MPC) dynamics. 30, 31 In this method, the effects of the environmental potential, V e , are replaced by multi-particle collisions that occur at discrete times and account for the effects of many real collisions. Full details of the implementation of the method, along with examples of applications, can
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be found in the original references and in reviews. 32, 33 Since this hybrid MD-MPC dynamics respects the mass, momentum and energy conservation laws, the coupling between the motor and fluid flows in the environment are taken into account properly; in addition, molecular fluctuations are automatically included in the dynamics.
Sphere Dimer Motors
A simple nanomotor configuration that illustrates the important ingredients of chemically-powered self-propulsion is a sphere dimer motor that consists of linked catalytic and noncatalytic spheres with bond length R. (see Fig. 3 ). The C sphere catalyzes the chemical reactions that are responsible for the nonequilibrium species concentration gradients, while the N sphere is chemically inert. We suppose that the C sphere catalyzes the reversible reaction A B. It is not difficult to simulate more complicated reactions b ; however, this simple reaction scheme will serve to capture the effects we wish to consider. In addition, we assume that these A and B species are the only types of molecule in the environment. At the expense of increased computational cost, chemically inert solvent molecules can be included in b More detailed versions of reaction dynamics have been used to study enzyme kinetics. 34 9in x 6in b1449-ch05 Engineering of Chemical Complexity FA the description. 34 Because the particle number is conserved on reaction, no pressure gradient is generated as a result of reaction, in contrast to the diffusiophoretic mechanism described earlier. However, a chemical potential gradient as well as a pressure gradient can give rise to a slip velocity, so the main elements of the macroscopic analysis are unchanged for a binarymixture environment.
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The A and B species are taken to interact with the spheres in the dimer motor through pairwise additive intermolecular potentials V αI , where α = A, B and I = C, N . In the simulations reported below, these potentials are taken to be repulsive Lennard-Jones (LJ) potentials. The repulsive LJ potentials were cut off at R S 0 for the S = C, N monomers. For simplicity, we take V AC = V BC = V AN and V BN = V AN , although other choices are possible. The general formalism given in Sec. 3 takes a simple form for a sphere dimer with these interactions. We use r to denote coordinates measured with the catalytic C sphere as the origin, whileẑ denotes the unit vector along the dimer internuclear bond, pointing in the direction of the catalytic C sphere. The r coordinate, defined with the noncatalytic N sphere as the origin, is related to r by r = r − Rẑ. The total potential energy of the system is
where r Nα = (r 1α , r 2α , . . . , r Nαα ), with r iα the vector distance to solvent molecule i of species α and r iα its magnitude, and r iα = |r iα − Rẑ|. Rather than using an intermolecular interaction between the C and N spheres to form a nanodimer, we employ a holonomic constraint to fix the bond length at R. Since the total momentum is conserved, the instantaneous force on the dimer center of mass along the dimer axis may be expressed in terms of the force exerted on the solvent, which is given bŷ
The force may also be written in a more convenient form by using the definition of the microscopic local density field of A and B particles at point r in the fluid, ρ α (r; r
. Introduction of this definition into Eq. (16) allows one to write the force in terms of an integral over space of the product of the microscopic expressions for the local particle density and local force.
As discussed above, when averaged over a canonical equilibrium distribution, this force vanishes; however, it is not zero when averaged over 9in x 6in b1449-ch05 Engineering of Chemical Complexity FA a nonequilibrium distribution that results when there are fluxes of reactants and products into and out of the system to maintain it in a nonequilibrium steady state. This nonequilibrium average force is F p = ẑ · F m , where the angle brackets again denote the steady state nonequilibrium average. It may be computed in the following way. By letting ρ α (r) = ρ α r; r Nα be the nonequilibrium average of the microscopic density fields, the average force may be written as
An analytical microscopic calculation of the nonequilibrium concentration fields ρ α (r) in this formula is a difficult task, although they are easily determined by simulation. We may estimate these fields by making a local equilibrium approximation and adopting a macroscopic diffusion equation description outside a microscopic boundary layer around the dimer spheres. We take the outer radii of the boundary layers to be R C 0 ≡ R 0 and R N 0 for the C and N monomers, respectively. In particular, we assume that the local concentration field can be written as ρ α (r) = n α (R 0r )g αC (r), with origin at the C monomer, for r ≤ R 0 , and ρ α (r) = n α (r) for r > R 0 . Here g αC (r) is the equilibrium radial distribution function for species α at point r in the fluid containing fixed C and N spheres, while n α (r) is the local concentration of α determined from the solution of a diffusion equation with suitable boundary conditions at the dimer monomers and boundaries of the system. Thus, ρ α (r) has the same form as the radial distribution function with the bulk number density replaced by its nonequilibrium analog. An analogous expression applies when the origin is taken at the N monomer.
To estimate the concentration fields, we make use of the geometry shown in Fig. 3 , where a sketch of the sphere dimer is given with the microscopic boundary layer zones indicated by dashed lines. We assume that the short range potentials between the A and B species and the C and N spheres are nonzero only within these regions. Note that we have chosen the bond length R of the dimer to be sufficiently long so that the molecules do not simultaneously interact with both spheres. Although unnecessary, this simplifies the description. We focus on the C sphere which is the source of the nonequilibrium concentration gradient. In the steady state, outside the diffusive interfacial zone, the concentration fields satisfy the diffusion equation, The system is maintained out of equilibrium by controlling the concentrations of these species far from the sphere dimer. Here, we take n A (r = ∞) = n 0 and n B (r = ∞) = 0. With these boundary conditions, the solution of the diffusion equation is
where k D = 4πDR 0 is the Smoluchowski rate constant for a diffusion controlled reaction and
is the initial forward reaction rate per unit area of the C sphere. Inside the boundary layer, n B (r) = n B (R 0 ). Also, n A (r) = n 0 − n B (r), since the total local density is not affected by this reaction. We may now use these results to approximately compute F p . Taking the low density forms for the equilibrium radial distribution functions, g αS (r) = e −β(VαS(r) , S = C, N (these are exact for the system described by MD-MPC dynamics for the sphere dimer model) and using n B (r) in Eq. (18) we find that F p can be written in the form Performing the angular integration and integrating the radial integral by parts, we obtain
where the length λ has been defined as
For the sphere dimer, the nonequilibrium average of the force is directed alongẑ; thus, the average velocity of the sphere dimer along the bond is given by
where ζ is the zz-component of the generalized friction tensor. From this formula, we may deduce a number of factors that determine the dimer velocity. Suppose, the V αN , (α = A, B) are repulsive potentials controlled by the energy parameters α . From the form of λ 2 in Eq. (22), we see that λ 2 > 0 if B < A and vice versa. Thus, for B < A the sphere dimer will move in a direction with the C sphere at its head, while if B > A it will move in the opposite direction.
Motor efficiency
Chemically powered molecular motors convert chemical energy into mechanical work, driving the self-propelled directed movement. A measure of the thermodynamic efficiency can be determined from the power transduction of the motor. In this case, the efficiency may be defined as the ratio between the power associated with the work done by the motor against an external conservative force F ex and the power input due to chemical reaction. 3, 37 For the reversible chemical reaction A + C B + C considered above, the thermodynamic efficiency can be computed from
Here, R is the net chemical reaction rate, and ∆µ is the change in the chemical potential in the reaction. In the presence of an external force, the sphere dimer velocity is given by V z = (F p + F ex )/ζ so that the efficiency b1449-ch05 Engineering of Chemical Complexity FA 114 R. Kapral can be rewritten as
From this formula, we see that the efficiency has its maximum at η max = F 2 p /4ζ∆µR, and F ex = −F p /2. The efficiency goes to zero at the stall point where the external force is equal to the propulsion force. In order to determine the efficiency from Eq. (25), the net chemical reaction rate R was calculated by counting the number of A → B and B → A reactive events at the catalytic sphere as a function of time and subtracting these rates to obtain the net rate. In the MD-MPC simulations, the change in the chemical potential is given by ∆µ
where n eq A and n eq B denote the equilibrium number densities of A and B species, respectively, while the steady state densities are again n A and n B .
The maximum efficiency of the sphere dimer motor is small. For a sphere dimer motor with d C = 2 and d N = 4, subject to repulsive LJ forces, and a reversible A B reaction with reaction probability p R = 0.5 upon encounter with the catalyic sphere, we find η T D ≈ 0.0004. 38 Other measures of efficiency can be used. The Stokes efficiency,
gauges how well the motor can utilize the free energy to drive a load through a viscous medium and this measure has been used to compute the efficiency of chemically-powered motors. 36, 39 The Stokes efficiency is also small. For the same parameters, using the existing simulation data for this motor, 38 we find η S ≈ 0.0015 . This is about three times larger than the maximum thermodynamic efficiency, but still very small. Many biological molecular motors have higher efficiencies, but synthetic chemically-powered motors also have small efficiencies.
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Motor dynamics in chemically active media
Thus far, we have considered situations where chemical reactions only occur at the catalytic sphere. However, the more common situation is that chemical reactions,
may also take place in the environment in which the motor moves. Here, a reaction is labeled by the index j, ν j α andν j α are the stoichiometric 9in x 6in b1449-ch05 Engineering of Chemical Complexity FA coefficients for reaction j and k j and k −j are the rate constants that characterize the forward and reverse reactions. Such bulk phase reactions can change the propulsion properties of the motor. In particular, if the reactants or products of the reaction at the C sphere also participate in bulk reactions which change the nonequilibrium concentration gradients in the system, the motor dynamics will be affected. 41 The computation of the force on a sphere dimer motor may still be based on Eq. (17), except that the nonequilibrium concentration fields must now be determined from the solution to a reaction-diffusion equation.
An example will serve to illustrate the types of phenomena that arise when bulk reactions are present. In addition to the A B reactions at the C surface, we suppose that the cubic autocatalytic chemical reactions,
3A, take place in the bulk phase. The bulk phase reaction rates of the A and B species are given by
We see that the local concentrations A and B, which are also involved in the catalytic reactions at C, are both changed by the cubic autocatalytic reactions in the environment. The concentration fields of the A and B species can be determined from the solution of the steady state reactiondiffusion equation,
subject to the boundary condition −k
, at the surface with radius R 0 around the C sphere, and a reflecting boundary condition at the N sphere. As r → ∞, we assume that the concentration fields are given by the steady state values of the cubic autocatalytic reaction in the bulk phase, which are determined from the steady state condition k 2nBn
A . Again, the spatial variations in the total density can be neglected so that n A (r, t) + n B (r, t) = n 0 and we
As for the case of a chemically inactive environment, we neglect the presence of the N sphere in order to facilitate the analytical analysis.
An analytical approximation to the solution of this nonlinear equation can be obtained by linearizing the asymptotic values of the concentration fields, n B (r) =n B +δn B (r) and n A (r) =n A −δn A (r), so that the linearized steady state reaction-diffusion is, The steady state solution satisfying the boundary conditions is
where
The n B concentration field is shown in Fig. 4(a) for three different situations: forward irreversible reactions at the C sphere and in the bulk phase, reversible reactions that violate detailed balance and reversible reactions that satisfy detailed balance. The expression in Eq. (31) is in almost quantitative agreement with these simulation results, 41 which indicates that the simplifying assumptions in the calculation capture the main physics of the phenomenon.
Self-propulsion only occurs when the system is out of equilibrium. If we suppose the system is in chemical equilibrium, detailed balance requires that the rates of the reactions at the dimer and in the bulk are individually equal to zero, −k 1 n eq
This detailed balance condition places the following restrictions on the rate constants:
and there is no concentration gradient to induce propulsion. This is confirmed by the simulation results for n B (r) in Fig. 4(a) where we see that n B (r) ≈ n eq B and is almost independent of r.
Far-from-equilibrium conditions give rise to very different results. For the simple case where the irreversible reaction A → B occurs at C and the irreversible autocatalytic reaction B + 2A → 3A occurs in the bulk, the reaction product B of the C catalytic reaction is converted in the bulk back to the "fuel" A needed for the dimer propulsion. In Fig. 4(a) , we see that the n B concentration field falls sharply with distance and the rate of this decrease is governed by the characteristic inverse length κ. Similar considerations apply for reversible reactions that do not satisfy detailed balance and n B (r) for this case is also shown in the figure.
The velocity of the sphere dimer depends on the rates at which the reactions in the bulk phase occur; in addition, fluctuations are an integral aspect of the motion of these nanoscale motors. The velocity probability distribution functions p(V z ) of the sphere dimer are shown in Fig. 4(b) for the three situations discussed above. For a reversible reaction satisfying detailed balance, there is no nonequilibrium B concentration gradient and directed sphere dimer propulsion cannot occur. We see that the velocity probability distribution is centered at zero. For the other two nonequilibrium cases, the probability distributions are centered at positive nonzero values indicating directed motion along the bond in the direction of the C sphere.
Motors can interact with chemical patterns
Once the possibility of a far-from-equilibrium chemically-active environment is admitted, a variety of environmental states becomes possible. These include states where the environment oscillates periodically or chaotically, or exists in a form where there are chemical patterns. 42 Chemical waves may interact with inactive and self-propelled particles and change their motion. 21 For example, the cubic autocatalytic reaction considered above admits traveling chemical wave solutions. Consider the irreversible reaction B + 2A k2 → 3A and suppose that the system initially contains the autocatalyst A in the left part of the system and the fuel B in the right part. As the autocatalyst consumes the fuel, a moving chemical front will form which propagates to the right with speed c. Macroscopically, the front dynamics can be determined from the solution of the reaction-diffusion equation for the B species density field,
in a frame moving with the front velocity, u = x−ct. In these equations, D is the mutual diffusion coefficient. The equation for n A (r, t) is not independent and follows from number conservation n A (r, t) + n B (r, t) = n 0 as discussed b1449-ch05 Engineering of Chemical Complexity FA 1/2 . Suppose a sphere dimer is initially in the region containing the autocatalyst (fuel for the motor) and is moving toward the chemical wave which is propagating with speed c. If the dimer motor velocity is greater than that of the wave, the dimer will encounter the chemical wave and interact with it. Figure 5 shows the trajectory of the dimer as it encounters the wave. The self-generated dimer concentration field interacts with that of the chemical wave and, due to orientational Brownian motion in the concentration field, forces are induced that lead to reflection from the chemical wave as shown in the figure. Extensions of this scenario may involve chemically patterned surfaces, where the patterns may adopt stationary regular or labyrinthine forms, or exhibit time evolving structures. The reflection mechanism could be used to enable self-propelled particles to travel along predetermined paths, akin to that of nanomotors in microchannels.
Diffusion and mean square displacement
As we have seen, small self-propelled motors experience strong fluctuations and will not simply move ballistically in a given direction. Instead, although the motion will be ballistic at short times, Brownian motion will cause the orientation of the motor to change, resulting in diffusive motion on long time scales. The self-diffusion coefficient of the motor is given by the velocity autocorrelation function,
where V is again the velocity of the center of mass of the motor and d is the dimension. For self-propelled sphere dimers, the velocity can be decomposed into its average value along the instantaneous bond directionẑ(t) and fluctuations as, V =ẑ(t)V z + δV(t). The diffusion coefficient may then be written as
The first term on the right can be identified as the diffusion coefficient in the absence of propulsion, D 0 , while the second term can be evaluated from a knowledge of the decay of the orientation correlation function. Assuming exponential decay, ẑ(t) ·ẑ = exp (−t/τ R ), characterized by the orientational relaxation time τ R , we find
Thus, active self-propelled particles exhibit enhanced diffusion compared to their inactive counterparts. The diffusion coefficient can equivalently be determined from the mean square displacement (MSD)
from D M = lim t→∞ ∆L 2 (t)/dt. Two characteristic times are especially important in an analysis of the diffusive dynamics: 
t, which can be used to find the expression for the diffusion coefficient of the self-propelled sphere dimer given in Eq. (35) . These expressions for the MSD and motor diffusion coefficient have been verified in simulations on sphere dimer motors. 
Collective Dynamics
If more than one chemically-powered motor is present in the system, interactions among the motors must be taken into account. Active particles can interact through direct intermolecular interactions among neighbors, b1449-ch05
Engineering of Chemical Complexity FA chemical concentration gradients, hydrodynamic interactions, as well as other types of interactions. It is well known that the dynamics of an ensemble of interacting active objects can display collective behavior such as the flocking of birds and the schooling of fish, the concerted actions of molecular motors involved in intracellular, intraflagellar and axonal transport, as well as swarming, clustering and giant number fluctuations seen in suspensions of active colloidal particles and microorganisms.
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The collective dynamics of synthetic chemically-powered motors has been observed in the laboratory where phenomena such as the self-assembly of chemically active Janus colloidal particles 14 and schooling of light-powered micromotors 47 have been seen. A simple case to consider is the interaction between two sphere dimers. 48 In order to avoid situations where the dimers cluster due to depletion forces, we restrict our attention to the IP region of the phase diagram where collisions between pairs of dimers do not result in longlived dimer pairs. We consider situations where the sphere dimers are confined to three-dimensional slab geometries bounded by two parallel walls perpendicuar to the z-axis of the system. In such geometries, the dimer motion can be restricted to lie primarily in the xy-plane lying midway between the walls by wall-dimer-momomer interactions. In this circumstance, three-dimensional orientational Brownian motion may be suppressed and the resulting quasi-two-dimensional motion has a simpler character than that in an unconfined three-dimensional system. The system is maintained in a far-from-equilibrium steady state by fluxes of chemical species at the walls. Figure 7 (a) shows snapshots from the evolution of an ensemble of N D = 5 dimers. Dimer motors self-assemble and propagate as a unit for long times before they break up as a result of collisions with other clusters and single motors or as a consequence of thermal fluctuations. The B particle concentration field, resulting from chemical reactions at the surfaces of the catalytic spheres is also shown. The concentration fields from individual dimers combine to form a much more complex concentration pattern, which then modifies the collective dynamics of the motors in the ensemble.
As well, it is interesting to consider the dynamics of individual motors in the ensemble. An isolated nanodimer is subject to strong thermal fluctuations and the probability density of dimer velocities along the bond is approximately Maxwellian with mean V z . 16, 17, 27 In contrast, in an ensemble of interacting motors, the distribution is no longer Maxwellian (see Fig. 7(b) ). The peak of the distribution shifts to smaller velocities and the distribution has a long tail toward smaller or even negative velocities. As N D increases, the peak shifts to very small velocities and the distribution has a long tail towards higher velocities. Clusters of varying sizes move with different velocities and dimers within such clusters move with the speed of the cluster and may have orientations at angles different from their directed motion. This effect leads to the large dispersion of V z velocities. b1449-ch05
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Conclusion
Investigations of the dynamics of synthetic chemically-powered motors are at an early stage of development. Experimental studies have shown how new types of chemically-powered motors can be made, and theoretical studies have elucidated the mechanisms by which they operate. In addition, the first steps towards realizing applications for their uses have been taken. Challenges in this area remain. Chemically-powered motors operate in the far-from-equilibrium domain. A complete microscopic analysis requires a statistical mechanical theory applicable to far-from-equilibrium systems. In particular, since fluctuations are important for small motor dynamics, the study of nonequilibrium fluctuations in the steady state motion nanomotors is a topic that merits investigation. Future studies will almost certainly consider more fully situations where motors move in complex environments, which contain many reactive species whose reactions can be used to tune motor dynamics, or even exist in nonequilibrium states where chemical patterns form. Other applications, such as delivery of cargo to a specific location, not only entail a knowledge of how to control the dynamics of an individual motor, but may also require information about the collective dynamics of many motors. This, in turn, involves an understanding of how direct interactions between motors, chemical gradients and hydrodynamic interactions conspire to influence collective motion. Processes such as swarming and active self-assembly have b1449-ch05
Engineering of Chemical Complexity FA already been demonstrated. Thus, research on the dynamics of nanomotors has potentially important applications in nanotechnology, and presents opportunities to advance our knowledge of basic principles related to the far-from-equilibrium statistical mechanics of active media. b1449-ch05 Engineering of Chemical Complexity FA
